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Let N be the number of aƒne zeros of a pair of quadratic forms in n#1 variables
deÞned over a Þnite Þeld F
q
. We give upper and lower bounds for N and show that
these bounds are optimal. One result states that if n#1510 and every quadratic
form in the pencil has order at least three, then DN!qn~1D(qn~2. ( 1999 Academic Press1. INTRODUCTION
Let F,G3F
q
[x
0
,2, xn] be homogeneous polynomials of degree two
(quadratic forms or forms) deÞned over the Þnite Þeld F
q
. Aubry [1, p. 12]
Þnds that if F and G have no common linear factors, then (in our notation)
the number of aƒne solutions, N, of F"G"0 is bounded above by
N48qn~1!6qn~2. We consider aƒne solutions of pairs of forms in n#1
variables. Although it is natural to consider the solutions of F"G"0 as
lying in projective space Pn(F
q
), it is more convenient to count the number of
aƒne solutions. In Corollary 5.4, we improve AubryÕs result to
N42qn~1!qn~2#q(n‘2)@2!qn@2, if n#155 and odd,
N42qn~1!qn~2#2q(n‘1)@2!3q(n~1)@2#q(n~3)@2, if n#154 and even.
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158 LEEP AND SCHUELLERWe show these bounds are best possible.
In Theorem 5.6, we prove that
N5qn~2!qn@2#q(n~2)@2, if n#155 and odd,
N5qn~2!q(n‘1)@2#q(n~1)@2, if n#156 and even.
This improves the bound N5qn~3 given by a special case of WarningÕs
theorem, [5] or [3]. If n#1510 and all forms in the pencil have order at
least three, then we show in Theorem 5.2 that DN!qn~1D(qn~2.
We begin by giving a well-known classiÞcation of quadratic forms deÞned
over a Þnite Þeld. This classiÞcation is given by Lidl and Niederreiter [3] and
Schmidt [5]. Using this classiÞcation, we Þnd a formula for the number
of zeros of one quadratic form deÞned over a Þnite Þeld. This result is
given by Lidl and Niederreiter [3, pp. 278—289], but the arguments given
here have been modiÞed to consolidate proofs for Þnite Þelds of arbitrary
characteristic.
A formula for the number of zeros of a pair of quadratic forms deÞned over
a Þnite Þeld of odd characteristic was given by Weil [6]. His formulation
depended on the ability to diagonalize forms. We provide a formula for the
number of zeros of a system MQ
i
Nt
i/1
of quadratic forms deÞned over a Þnite
Þeld having arbitrary characteristic. This formula for the number of zeros
depends not only on the size of the Þnite Þeld and the number of variables
needed to write the system, but also on the order of each of the forms in the
pencil deÞned by the system. By examining possible combinations of orders,
we Þnd the best possible bounds when the system has only two forms F
and G.
We now give a summary of notation and terminology. We denote by F
q
a Þnite Þeld of cardinality q and by F*
q
the nonzero elements of F
q
. We use the
term quadratic form or form to describe a homogeneous polynomial of
degree two. We say that two quadratic forms are equivalent if there is an
invertible linear change of variables taking one to the other, and similarly,
we say that a system of forms MQ
1
, Q
2
,2,QtN is equivalent to a system
MQ@
1
, Q@
2
,2,Q@tN if there is an invertible linear change that simultaneously
takes each Q
i
to Q@
i
. We denote by P (Q
1
, Q
2
,2,Qt) the set of all Fq-linear
combinations of Q
1
, Q
2
,2, Qt , and we call this set the pencil of the system
MQ
1
, Q
2
,2,QtN. We say that the order of a form (system of forms) is the
minimum number of variables, after invertible linear change of variables,
necessary to write the form (system of forms). We say that a form (system of
forms) is nondegenerate (has full order) if it cannot be written in a fewer
number of variables. Standard references for basic quadratic form theory
include the book by Lam [2] and the book by Scharlau [4].
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q
THEOREM 2.1. If H is a quadratic form in n#1 variables deÞned over F
q
,
then H is equivalent to a nondegenerate quadratic form having order m#1, for
some 04m4n, of exactly one of the following three types:
1. x
0
x
1
#x
2
x
3
#2#x
m~1
x
m
2. x
0
x
1
#x
2
x
3
#2#x
m~3
x
m~2
#(a
0
x2
m~1
#a
1
x
m~1
x
m
#a
2
x2
m
), a
i
3F
q
,
(a
0
x2
m~1
#a
1
x
m~1
x
m
#a
2
x2
m
irreducible over F
q
)
3. x
0
x
1
#x
2
x
3
#2#x
m~2
x
m~1
#ax2
m
, a3F*
q
.
From here on, a quadratic form equivalent to one of these forms shall be
called Type 1, Type 2, or Type 3, respectively. This well-known classiÞcation
can be found in [3] or [5].
It is not hard to check that for any j3F*
q
and any quadratic form
H deÞned over F
q
, H and jH have the same type.
We now Þnd a formula for the number of aƒne solutions of one quadratic
form H(x
0
, x
1
,2,xn)"b, for any b3Fq . For this, we Þrst make a few
deÞnitions.
DEFINITION 2.2. ‚et t : F
q
PC be the nontrivial character of the additive
group of F
q
deÞned by t (u)"(exp(2ni/p))Tr (u), where p is the characteristic of
F
q
and „r is the trace function from F
q
to Z
p
.
DEFINITION 2.3. For q odd, let s : F
q
PC be given by s(a)"0, 1, !1 as a is
0, a nonzero square, or a nonsquare, respectively.
DEFINITION 2.4. ‚et u : F
q
PZ be deÞned by u(a)"!1, if aO0, and
u(0)"q!1.
Some properties of this map will be needed when looking for the formula
for the number of zeros.
LEMMA 2.5.
+
c |Fq
u(c)"0.
Proof. Easy since, (q!1)#(!1)(q!1)"0. j
LEMMA 2.6. ‚et 14t4m, then
+
c1‘2‘cm/a
u (c
1
)2u(c
t
)"G
0,
u(a)qm~1,
14t(m,
t"m.
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+
c1‘2‘cm/a
u (c
1
)2u(c
t
)" +
c1,2, ct|Fq
u (c
1
)2u(c
t
) + 1
ct‘1‘2‘cm/a~(c1‘2‘ct)
"qm~(t‘1) +
c1,2,ct |Fq
u(c
1
)2u(c
t
)
"qm~(t‘1)A +
c1 |Fq
u(c
1
)B2A +
ct |Fq
u(c
t
)B
"0,
where the Þnal equality comes from Lemma 2.5.
For t"m, we will calculate the sum +
c1‘2‘cm/a
(1#u(c
1
))2(1#u (c
m
))
in two di⁄erent ways. First, multiplying out and using the Þrst part of this
lemma we get
+
c1‘2‘cm/a
(1#u(c
1
))2(1#u(c
m
))"qm~1# +
c1‘2‘cm/a
u(c
1
)2u(c
m
).
Second, we note that every term in the product must be nonzero for the
summand to be nonzero, and this implies that all of the c
i
Õs must be zero and
thus a must be zero:
+
c1‘2‘cm/a
(1#u(c
1
))2(1#u(c
m
))"G
0,
qm,
if aO0,
if a"0.
Equating the two and solving for +
c1‘2‘cm/a
u(c
1
)2u(c
m
), we get
+
c1‘2‘cm/a
u (c
1
)2u(c
m
)"G
(!1)qm~1,
qm!qm~1"(q!1)qm~1,
aO0
a"0. j
THEOREM 2.7. ‚et H(x
0
, x
1
,2,xn) be a quadratic form deÞned over Fq
having order m#1, 04m4n, and let b3F
q
. „hen, the number of solutions
N(H(x
0
,2,xn)"b)"G
qn~m(qm#u(b)q(m~1)@2), if H is „ype 1,
qn~m(qm!u(b)q(m~1)@2), if H is „ype 2,
qn~m(qm#s (ab)qm@2), if H is „ype 3, q odd
qn~m(qm), if H is „ype 3, q even.
Proof. Since an invertible linear change of variables of H will not alter N,
we can assume that H takes one of the forms given in Theorem 2.1.
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N"qn~m +
c1‘2‘cj/b
[N(x
0
x
1
"c
1
)]2[N(x
m~1
x
m
"c
j
)]
"qn~m +
c1‘2‘cj/b
(q#u(c
1
))2(q#u(c
j
))
"qn~mAqj~1qj# +
c1‘2‘cj/b
u (c
1
)2u(c
j
)B
"qn~m(qm#u(b)qj~1)"qn~m(qm#u(b)q(m~1)@2).
Now, suppose that H is Type 2. First we note that the result is true if m"1.
Now, assume m53 and use the result from the Þrst part of the theorem:
N"qn~m +
c1‘c2/b
(qm~2#u(c
1
)q(m~3)@2) (q!u(c
2
))
"qn~mAqm! +
c1‘c2/b
u(c
1
)u(c
2
)q(m~3)@2B
"qn~m(qm!u(b)q(m~1)@2).
If H is Type 3 and q is even, then the proof is easy since the number of
solutions of x2"c is always 1. That is,
N"qn~mN(x
0
x
1
#x
2
x
3
#2#x
m~2
x
m~1
#ax2
m
"b)"qn~m (qm).
Finally, if H is Type 3 and q is odd, then we Þrst note that the result holds if
m"0. Now, assume that m52, and again use the Þrst part of the theorem:
N"qn~m +
c1‘c2/b
(qm~1#u(c
1
)q(m~2)@2)(1#s (ac
2
))
"qn~mCqm# +
c1 |Fq
u(c
1
)q(m~2)@2s(a (b!c
1
))D
"qn~m (qm# +
c1 |Fq
[(!1)q(m~2)@2s (a(b!c
1
))]#qm@2s (ab))
"qn~m (qm#qm@2s(ab)). j
3. COUNTING ZEROS OF A SYSTEM OF QUADRATIC FORMS
DEFINITION 3.1. Let g be the Gauss sum deÞned by g"+
b |Fq
s (b)t (b).
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0
,2,xn) is a quadratic form of order m#1, then
+
(x0,2,xn) | kn‘1
t[H(x
0
,2,xn)]"G
qn~(m~1)@2, if H is „ype 1,
(!1)qn~(m~1)@2, if H is „ype 2,
(s(a) g
q1@2
) qn~(m~1)@2, if H is „ype 3, q odd,
0, if H is „ype 3, q even.
Proof. The calculations of the sum depend on repeated applications of
Theorem 2.7. For H Type 1,
+
(x0,2,xn ) |kn‘1
t[H(x
0
,2,xn)]
"qn~m (qm!q(m~1)@2) +
b| F*q
t (b)#qn~m(qm#(q!1)q(m~1)@2)t (0)
"qn~m (qm!q(m~1)@2) +
b|Fq
t (b)#qn~mq(m‘1)@2t(0)
"qn~mq(m‘1)@2"qn~(m~1)@2.
The case for H Type 2 and the case for H Type 3 with q even are similar. For
H Type 3 and q odd,
+
(x0,2,xn ) |kn‘1
t[H(x
0
,2,xn)]"qn~mC +
b| Fq
(qm#s (ab)qm@2)t (b)D
"qn~m +
b |Fq
s (ab)qm@2t(b)
"qn~m@2s (a) +
b|Fq
s (b)t(b)
"qn~m@2s (a)g"qn~(m~1)@2s(a) g
q1@2
. j
Let MQ
i
Nt
i/1
be a system of quadratic forms deÞned over F
q
in n#1
variables. Using a generalization of the argument by Weil [6], we obtain
a formula for the number of solutions of Q
1
"Q
2
"2"Q
t
"0 in terms of
the aforementioned sum.
LEMMA 3.3. ‚et N be the number of aƒne solutions of the system
Q
1
"Q
2
"2"Q
t
"0, in Fn‘1
q
. „hen,
N"q~t A +
(u1,u2,2, ut ) |Ftq
+
(x0,2,xn ) |kn‘1
tA
t
+
i/1
u
i
Q
iBB.
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ui|Fq
t (u
i
Q
i
(x
0
,2, xn))"q or 0, depending on whether
Q
i
(x
0
,2, xn) is zero or nonzero. So,
N"q~t +
(x0,2,xn ) | kn‘1
C
t
<
i/1
A +
ui|Fq
t (u
i
Q
i
)BD
"q~tA +
(x0,2,xn ) |kn‘1
+
(u1,u2,2, ut ) |Ftq
A
t
<
i/1
t(u
i
Q
i
)BB
"q~tA +
(x0,2,xn ) |kn‘1
+
(u1,u2,2, ut ) |Ftq
t (u
1
Q
1
#u
2
Q
2
#2#u
t
Q
t
)B
"q~tA +
(u1,u2,2, ut ) |Ftq
+
(x0,2,xn ) |kn‘1
tA
t
+
i/1
u
i
Q
iBB. j
DEFINITION 3.4. …e deÞne a function s :P (Q
1
, Q
2
,2,Qt)PC by
s A
t
+
i/1
u
i
Q
iB"G
1, if + t
i/1
u
i
Q
i
is „ype 1,
!1, if + t
i/1
u
i
Q
i
is „ype 2,
s (a)
g
q1@2
, if + t
i/1
u
i
Q
i
is „ype 3, q odd,
0, if + t
i/1
u
i
Q
i
is „ype 3, q even,
1, if u
i
"0 for all i3M1, 2,2, tN.
Combining Theorem 3.2, Lemma 3.3, and DeÞnition 3.4 gives
N"q~tA +
u|Ftq
AsA
t
+
i/1
u
i
Q
iBqn~(mu~1)@2BB,
where u
i
is the ith component of u and m
u
#1 is the order of + t
i/1
u
i
Q
i
.
Further, we notice that when the sum is taken over all u3Ft
q
, where m
u
#1
is odd, the sum is zero. This can be seen by letting u3Ft
q
with m
u
#1 odd.
Then, +
j|F*q
s(j (+ t
i/1
u
i
Q
i
))"+
j |F*q
s (ja)(g/q1@2)"0, where a is given in
Theorem 2.1.
This gives that
N"q~tAqn‘1# +
u|Ftq
mu‘1O0,even
AsA
t
+
i/1
u
i
Q
iBqn~(mu~1)@2BB.
LEMMA 3.5. For any nonzero u3Ft
q
with the property that the order of
+ t
i/1
u
i
Q
i
is even, s (+ t
i/1
u
i
Q
i
)"s(j (+ t
i/1
u
i
Q
i
)) for all j3F*
q
.
164 LEEP AND SCHUELLERProof. Easy, since each j (+ t
i/1
u
i
Q
i
) is the same type for any j3F*
q
. j
If we index by o the nonzero, linearly independent u3Ft
q
having m
u
#1
even, label the corresponding m
u
by mo , and label the corresponding
s(+ t
i/1
u
i
Q
i
) by so , we can simplify the formula for N and obtain the following
theorem.
THEOREM 3.6. ”sing the notation from above,
N"q~tAqn‘1#+o soq
n~(mo~1)@2(q!1)B.
4. SOME GENERAL THEORY
Before we investigate bounds for the number of zeros possible on a pair of
quadratic forms deÞned over a Þnite Þeld, we need to Þnd some limits on the
order of the forms in the pencil. For this, we look Þrst at bilinear forms. By
utilizing the relationship between a quadratic form and its associated sym-
metric bilinear form, we extend our results about pairs of bilinear forms to
pairs of quadratic forms.
Let » be a Þnite dimensional vector space over a Þeld k and let
B :»]»Pk be a bilinear form that is either symmetric or alternating. We
deÞne the radical of B, rad(B), by
rad(B)"Mx3» DB (x, v)"0 for all v3»N.
THEOREM 4.1. ‚et B
1
, B
2
:»]»Pk be a pair of bilinear forms which are
either both symmetric or both alternating. Assume rad(B
1
) W rad(B
2
)"(0).
„hen,
dim(rad(B
1
))#dim(rad(B
2
))#dim(rad(B
1
#B
2
))4dim(»).
Proof. Since rad(B
1
)W rad(B
2
)"(0), we can write »"»
1
= rad(B
1
)
with rad(B
2
)-»
1
. Further, we may write rad(B
2
) as ”
1
=”
2
, where
”
2
"rad(B
1
D
3!$(B2)]3!$ (B2)
).
Then, ”
1
o
B1
”
2
, and since B
1
D
U1]U1
is nondegenerate, we can write
»
1
"”
1
=”MB1
1
with ”
2
-”MB1
1
.
Since B
1
D
V1]V1
is nondegenerate and B
1
D
U1]U1
is nondegenerate, it follows
that B
1
D
U
MB11
]U
MB11
is nondegenerate.
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1
, v
2
,2, vm be a basis of ”2. There exists y1, y2,2, ym3”
MB1
1
such that
B
1
(v
i
, y
j
)"d
ij
. Let …
1
"spanMy
1
, y
2
,2, ymN. Then …1 is a subspace of”MB1
1
with the following three properties:
1. ”
2
W…
1
"(0),
2. dim(”
2
)"dim(…
1
), and
3. B
1
is nondegenerate on ”
2
=…
1
.
Thus, there exists a subspace …
2
-”MB1
1
such that (”
2
=…
1
)o
B1
…
2
"”MB1
1
.
Thus, we have
»"”
1
= [(”
2
=…
1
)=…
2
]= rad(B
1
).
With respect to B
1
,
»"”
1
o (”
2
=…
1
)o…
2
o rad(B
1
).
Let v3rad(B
1
#B
2
). Then, v"v
1
#v
2
#v
3
#v
4
#v
5
for some v
1
3”
1
,
v
2
3”
2
, v
3
3…
1
, v
4
3…
2
, and v
5
3rad(B
1
). Then, for any x3»,
B
1
(v, x)#B
2
(v, x)"(B
1
#B
2
) (v, x)"0.
Since B
2
(v, x)"0 for all x3”
1
, we have B
1
(v, x)"0 for all x3”
1
.
Further, B
1
(v
2
#v
3
#v
4
#v
5
, x)"0 for all x3”
1
. Thus, B
1
(v
1
, x)"0 for
all x3”
1
, and this implies v
1
"0, since B
1
is nondegenerate on ”
1
]”
1
.
Similarly, since B
2
(v, x)"0 for all x3”
2
, B
1
(v, x)"0 for all x3”
2
. Since
v
1
"0, B
1
(v
2
#v
3
#v
4
#v
5
, x)"0 for all x3”
2
. By the orthogonal de-
composition of » with respect to B
1
, B
1
(v
4
#v
5
, x)"0 for any x3”
2
. Thus,
B
1
(v
2
#v
3
, x)"0 for any x3”
2
. Thus, B
1
(v
3
, x)"0 for all x3”
2
, and we
conclude that v
3
"0, since B
1
(v
i
, y
j
)"d
ij
.
Thus, rad(B
1
#B
2
)-”
2
=…
2
= rad(B
1
).
Since rad(B
1
) W rad(B
2
)"(0), it follows that rad(B
1
#B
2
) W rad(B
1
)"(0).
Thus,
dim(rad(B
1
#B
2
))4dim((”
2
=…
2
= rad(B
1
))/rad(B
1
))
"dim(”
2
)#dim(…
2
)"dim(…
1
)#dim(…
2
)
"dim(…
1
=…
2
) .
Finally,
dim(»)"dim(”
1
= [(”
2
=…
1
) =…
2
]= rad(B
1
))
5dim(rad(B
2
))#dim(rad(B
1
#B
2
))#dim(rad(B
1
)). j
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a basis Mv
0
,2, vnN. There exists a natural one to one correspondence between
the set of quadratic forms in n#1 variables deÞned over k and the set of
quadratic maps F :»Pk deÞned by
F (v)"FA
n
+
i/0
b
i
v
iB" +
04i4j4n
a
ij
b
i
b
j
, a
ij
3k.
Let F be a quadratic form, identiÞed with its corresponding quadratic map
with respect to some Þxed basis of ». Let B
F
(x, y)"F (x#y)!F (x)!F (y)
be the symmetric bilinear form associated with F. The radical of F, rad(F), is
deÞned by
rad(F)"Mx3» Dx3rad(B
F
) and F (x)"0N.
It is not hard to show that the order of F is dim(»)!dim(rad(F)).
We will state the following known result without proof.
LEMMA 4.2. ‚et F be a quadratic form deÞned over k with B
F
(x, y) the
symmetric bilinear form associated with F. If either char kO2 or char k"2,
k perfect and the order of F is even, then rad(F)"rad(B
F
). In particular, order
F"dim(»)!dim(rad(B
F
)).
We deÞne the radical of a pair of quadratic forms, rad(MF, GN), by
rad(MF, GN)"rad(F)W rad(G).
One can check that the order of the pair MF, GN is dim(»)!dim(rad(MF, GN)).
THEOREM 4.3. ‚et m
1
"order F, m
2
"order G, and n#1"dim(»). As-
sume that the pair MF, GN has full order. Further assume that either (1)
charkO2 or (2) char k"2, k is perfect, and m
1
, m
2
are both even. „hen
m
1
#m
2
5n#1 and order (F#G)52 (n#1)!(m
1
#m
2
).
Proof. First, since MF, GN has full order, rad(F)W rad(G)"0. Thus,
((n#1)!m
1
)#((n#1)!m
2
)4n#1,
and n#14m
1
#m
2
.
Lemma 4.2 implies rad(B
F
)W rad(B
G
)"(0), since MF, GN has full order.
Since B
F‘G
"B
F
#B
G
, Theorem 4.1 implies
dim(rad(B
F
))#dim(rad(B
G
))#dim(rad(B
F‘G
))4n#1.
ZEROS OF A PAIR OF QUADRATIC FORMS 167Since (n#1)!order(F#G)"dim(rad(F#G))4dim(rad(B
F‘G
)), this
gives (n#1)!m
1
#(n#1)!m
2
#(n#1)!order(F#G)4n#1. Fi-
nally,
order(F#G)52(n#1)!(m
1
#m
2
). j
COROLLARY 4.4. ‚et MF, GN be a pair of quadratic forms having full order in
n#1 variables deÞned over a Þnite Þeld, F
q
. Suppose that m
1
"order F and
m
2
"order G are both even. „hen, for any u
1
, u
2
3F*
q
, order u
1
F#u
2
G
52(n#1)!(m
1
#m
2
).
Proof. Given any u
1
3F*
q
, order F"order u
1
F. The result follows im-
mediately from the previous theorem. j
5. BOUNDING THE NUMBER OF ZEROS ON A PAIR
OF QUADRATIC FORMS
Assume that MF, GN is a pair of quadratic forms having full order in n#1
variables deÞned over F
q
. Let N"N(F"G"0).
From Theorem 3.6 we have that N"q~2(qn‘1#+
o
soqn~(mo~1)@2(q!1)).
Let n
1
4n
2
4n
3
424n
t
be the orders of the linearly independent
forms in the pencil P (F, G) of even nonzero order. Further, let s
i
equal the
value of so corresponding to ni . Note that t4q#1 and nt4n#1. Then,
N"q~2Aqn‘1#(q!1)qn‘1
t
+
i/1
s
i
q~ni@2B.
Since Ds
i
D41,
N4q~2Aqn‘1#(q!1)qn‘1
t
+
i/1
q~ni@2B,
and equality holds if and only if every nonzero form in the pencil of even
order is Type 1. Similarly,
N5q~2Aqn‘1!(q!1)qn‘1
t
+
i/1
q~ni@2B,
and equality holds if and only if every nonzero form in the pencil of even
order is Type 2.
168 LEEP AND SCHUELLERLEMMA 5.1. Suppose n
1
4n
2
4n
3
424n
t
and n@
1
4n@
2
4n@
3
424n@
t{
with t@4q#1 and all n
i
, n@
i
are even natural numbers. Further, assume that
n
1
"n@
1
. Suppose n
i
"n@
i
for i4l!1 and n
l
(n@
l
, (l52). „hen,
t
+
i/1
q~ni@25 t{+
i/1
q~n{i @2.
Proof.
t
+
i/l
q~ni@25q~nl@2"q (q(~nl~2)@2)"q‘1+
i/2
q(~nl~2)@25q‘1+
i/l
q~n{l @25 t{+
i/l
q~n{i @2.
Thus,
t
+
i/1
q~ni@2"l~1+
i/1
q~ni@2# t+
i/l
q~ni@25l~1+
i/1
q~ni@2# t{+
i/l
q~n{i @2" t{+
i/1
q~n{i @2. j
This lemma shows that if the nonzero forms having even order in the
pencil, P(F, G), either all have Type 1 or all have Type 2, then it is suƒcient to
consider only the lexicographic ordering of the orders of these forms.
THEOREM 5.2. Suppose that MF, GN is a pair of quadratic forms in n#1
variables deÞned over F
q
having full order. If every nonzero form in the pencil,
P(F, G), has order at least three and n#1510, then
DN!qn~1D(qn~2.
Proof. If n#158 and even and no form in the pencil has order 2, then in
order to bound N, we can assume by Theorem 4.3 and Lemma 5.1 that F has
order 4, G has order n#1!4, and u
1
F#u
2
G has order n#1 for every u
1
,
u
2
3F*
q
. Thus,
qn~1!q~2(q!1)[qn~1#qn~(n~5)@2#(q!1)qn~(n~1)@2]4N,
N4qn~1#q~2(q!1)[qn~1#qn~(n~5)@2#(q!1)qn~(n~1+@2].
Thus,
DN!qn~1D4q~2(q!1)[qn~1#qn~(n~5)@2#(q!1)qn~(n~1)@2]
"qn~2!qn~3#q(n‘3)@2!2q(n~1)@2#q(n~3)@2
(qn~2!qn~3#q(n‘3)@2.
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DN!qn~1D(qn~2.
If n#157 and odd, we can assume that F has order 4, G has order
n#2!4, and u
1
F#u
2
G has order n for every u
1
, u
2
3F*
q
. A calculation
similar to the one above shows that
DN!qn~1D4qn~2!qn~3#2q(n‘2)@2!3qn@2#q(n~2)@2.
If n#1511, then
DN!qn~1D(qn~2. j
5.1. ”pper Bounds
THEOREM 5.3. ‚et MF, GN be a pair of quadratic forms deÞned over F
q
having full order in n#1 variables with n#153. Suppose that there is some
nonzero form in the pencil, P(F, G), of even order. ‚et the form in the pencil with
minimal nonzero even order have order l. „hen,
1. If l4(n#1)/2 and n#1 is even, then
N4qn~1#(q!1)[qn~1~l@2#q(n~3‘l)@2#q(n~1)@2!q(n~3)@2].
2. If l4(n#1)/2 and n#1 is odd, then
N4qn~1#(q!1)[qn~1~l@2#q(n~4‘l)@2#qn@2!q(n~2)@2].
3. If (n#1)/24l42(n#1)/3, then
N4qn~1#(q!1)[2qn~1~l@2#ql~1!ql~2].
4. If 2(n#1)/34l4n#1, then
N4qn~1#qn‘1~l@2!qn~1~l@2.
Furthermore, these bounds are best possible.
Proof. Without loss of generality, we can assume that F has order l and
G has the second least nonzero even order of the linearly independent forms
in the pencil. From the notation in the previous section, order F"n
1
, order
G"n
2
.
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implies that N (F"G"0) will be maximal if every nonzero form in the pencil
has order l and Type 1. That is,
N4q~2 (qn‘1#(q#1)(q!1)qn~(l~2)@2)
"qn~1#qn‘1~l@2!qn~1~l@2.
Now, assume that l42(n#1)/3. Then, the previous bound is an upper
bound, but it can be improved by noticing that if order F"l and order G"l,
then for any u
1
, u
2
3F*
q
, order u
1
F#u
2
G52(n#1)!2l5l, by Corollary
4.4. Thus,
N4q~2(qn‘1#(q!1)[2qn~(l~2)@2#(q!1)qn~(2(n‘1)~2l~2)@2])
"qn~1#(q!1)[2qn~1~l@2#ql~1!ql~2].
Now, assume further that l4(n#1)/2. Then, once again, the previous
bounds hold, but they can be improved by noticing that if order F"l, then
by Theorem 4.3, order G5n#1!l. By Lemma 5.1, we can assume
order G"G
n#1!l,
n#2!l,
if n#1 is even,
if n#1 is odd.
Then, for any u
1
, u
2
3F*
q
, order u
1
F#u
2
G52(n#1)!l!(n#1!l)
"n#1, if n#1 is even, and order u
1
F#u
2
G52(n#1)!l!(n#2!l)"
n, if n#1 is odd, by Corollary 4.4. Thus, for n#1 odd,
N4q~2 (qn‘1#(q!1)[qn~(l~2)@2#qn~(n~l)@2#(q!1)qn~(n~2)@2])
"qn~1#(q!1)[qn~1~l@2#q(n‘l~4)@2#qn@2!q(n~2)@2].
For n#1 even,
N4q~2 (qn‘1#(q!1)[qn~(l~2)@2#qn~(n~l~1)@2#(q!1)qn~(n~1)@2])
"qn~1#(q!1)[qn~1~l@2#q(n‘l~3)@2#q(n~1)@2!q(n~3)@2].
In order to show that these bounds are best possible, we construct some
examples. For s even, let MQ
s
, Q@
s
N be the pair of quadratic forms:
Q
s
"x
0
x
1
#x
2
x
3
#2#x
s~2
x
s~1
,
Q@
s
"x
2
x
1
#x
4
x
3
#2#x
s
x
s~1
.
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s
, Q@
s
N has the property that there are s#1 variables and every
nonzero form in the pencil has order s and Type 1.
For r even, let MH
r
, H@
r
N be the pair of quadratic forms:
H
r
"y
1
y
2
#y
3
y
4
#2#y
r~1
y
r
,
H@
r
"z
1
z
2
#z
3
z
4
#2#z
r~1
z
r
.
The pair MH
r
, H@
r
N has the property that there are 2r variables, order H
r
"r,
order H@
r
"r, order u
1
H
r
#u
2
H@
r
"2r for every u
1
, u
2
3F*
q
and every non-
zero form in the pencil has Type 1.
Let x2!ax!b be an irreducible polynomial over F
q
. Let MJ
4
, J@
4
N be the
pair of quadratic forms:
J
4
"w
1
w
4
#w
2
(w
3
#aw
4
),
J@
4
"w
1
(w
3
#aw
4
)#w
2
[aw
3
#(a2#b)w
4
].
The pair MJ
4
, J@
4
N has the property that there are four variables and every
nonzero form in the pencil has order 4 and Type 1.
Let x3!ax2!bx!c be an irreducible polynomial over F
q
. Let MJ
6
, J@
6
N
be the pair of quadratic forms:
J
6
"v
1
v
6
#v
2
(v
5
#av
6
)#v
3
[v
4
#av
5
#(a2#b)v
6
],
J@
6
"v
1
(v
5
#av
6
)#v
2
[v
4
#av
5
#(a2#b)v
6
]
#v
3
[av
4
#(a2#b)v
5
#(a3#2ab#c)v
6
].
The pair MJ
6
, J@
6
N has the property that there are six variables and every
nonzero form in the pencil has order 6 and Type 1.
To construct our examples we will take sums (in disjoint variables) of the
previous pairs. In each example below, the total number of variables is n#1.
Suppose l"n#1. Then, n#154 and even. Thus, n#1"4a#6b for
some nonnegative integers a and b. Let F be a direct sum of a copies of J
4
and
b copies of J
6
. Similarly, let G be a direct sum of a copies of J@
4
and b copies of
J@
6
. Then, every nonzero form in the pencil has order l"n#1 and Type 1.
Suppose 2(n#1)/34l(n#1. Then, there exists an i51 such that
2i
2i#14
l
n#1(
2i#2
2i#3 .
DeÞne a"[(2i#2)(n#1)!(2i#3) l]/2’0 and b"[(2i#1) l!2i(n#1)]/2
50. Let F be a direct sum of a copies of Q
2i
and b copies of Q
2i‘2
. Similarly,
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2i
and b copies of Q@
2i‘2
. Then, every
nonzero form in the pencil has order l and Type 1.
Now suppose (n#1)/2(l(2(n#1)/3. Let a"2l!(n#1)’0. Let
F be a direct sum of a copies of Q
2
and one copy of H
2(n‘1)~3l
. Let G be
a direct sum of a copies of Q@
2
and one copy of H@
2(n‘1)~3l
. Then, F and G have
order l and Type 1, and every other linearly independent form in the pencil
has order 2(n#1)!2l and Type 1.
Finally suppose l4(n#1)/2. Further assume that n#1 is even. Let F be
a direct sum of l/2 copies of H
2
. Let G be a direct sum of (n#1!l )/2 copies
of H@
2
. Then, F has order l and Type 1, G has order n#1!l and Type 1,
and every other linearly independent form in the pencil has order n#1 and
Type 1.
Suppose still that l4(n#1)/2, but now assume that n#1 is odd. Let
F"x
0
x
1
#x
2
x
3
#2#x
l~2
x
l~1
,
G"x
l~1
x
l
#x
l‘1
x
l‘2
#2#x
n~1
x
n
.
Then, F has order l and Type 1, G has order n#2!l and Type 1, and every
other linearly independent form in the pencil has order n and Type 1. j
COROLLARY 5.4. ‚et MF, GN be a pair of quadratic forms deÞned over F
q
having full order in n#1 variables. If n#154 and even, then
N42qn~1!qn~2#2q(n‘1)@2!3q(n~1)@2#q(n~3)@2.
If n#155 and odd, then
N42qn~1!qn~2#q(n‘2)@2!qn@2.
If n#1"3, then N4q2#q!1. „hese bounds are best possible.
Proof. If no nonzero form in the pencil has even order, then N"qn~1. If
there is some nonzero form in the pencil with even order, then the proof
comes directly from the previous theorem with l"2. The examples above
show that this is best possible. j
5.2. ‚ower Bounds
THEOREM 5.5. ‚et MF, GN be a pair of quadratic forms deÞned over F
q
having full order in n#1 variables with n#153. Suppose that there is some
nonzero form in the pencil of even order. ‚et the form in the pencil with minimal
nonzero even order have order l. „hen,
ZEROS OF A PAIR OF QUADRATIC FORMS 1731. If l4(n#1)/2 and n#1 is even, then
N5qn~1!(q!1)[qn~1~l@2#q(n~3‘l)@2#q(n~1)@2!q(n~3)@2].
2. If l4(n#1)/2 and n#1 is odd, then
N5qn~1!(q!1)[qn~1~l@2#q(n~4‘l)@2#qn@2!q(n~2)@2].
3. If (n#1)/24l42(n#1)/3, then
N5qn~1!(q!1)[2qn~1~l@2#ql~1!ql~2].
4. If 2(n#1)/34l4n#1, then
N5qn~1!qn‘1~l@2#qn~1~l@2.
Proof. The proof is analogous to the proof in the upper bound case. j
THEOREM 5.6. ‚et MF, GN be a pair of quadratic forms deÞned over F
q
having full order in n#1 variables. If n#156 and even, then N5
qn~2!q(n‘1)@2#q(n~1)@2. If n#155 and odd, then N5qn~2!qn@2
#q(n~2)@2. If n#1"3 or 4, then N51. Furthermore, these bounds are best
possible.
Proof. First, if no form in the pencil has even order, then N"qn~1. Now,
assume that at least one form in the pencil has order 2. Without loss of
generality, we can assume that F has order 2. Then,
F"Q
1
(x
0
, x
1
)
G"Q
2
(x
0
, x
1
,2, xn),
and N*N (Q
2
(0, 0, x
2
,2, xn). Equality holds if Q1 is irreducible.
Since the order of the pair MF, GN is n#1, we see that
n!34order of Q
2
(0, 0, x
2
,2,xn)4n!1.
If n#1"3 then the bound N"1 occurs by letting
F"Q(x
0
, x
1
), G"Q(x
1
, x
2
)
with Q irreducible.
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F"Q(x
0
, x
1
), G"Q(x
2
, x
3
).
For n#156 with n#1 even,
N(Q
2
(0, 0, x
2
,2, xn)5min G
qn~2!(q!1)q(n~3)@2
qn~2
qn~2!(q!1)q(n~1)@2
by Theorem 2.7,
5qn~2!q(n‘1)@2#q(n~1)@2
5qn~3, since n55.
If n#1 is even and n#156, let
F"Q (x
0
, x
1
),
G"x
0
x
2
#x
1
x
3
#x
4
x
5
#x
6
x
7
#2#x
n~3
x
n~2
#Q(x
n~1
, x
n
),
where Q is an irreducible quadratic form. Then,
N(F"G"0)"q2N (x
4
x
5
#x
6
x
7
#2#x
n~3
x
n~2
#Q(x
n~1
, x
n
)"0)
"q2(qn~4!(q!1)q(n~5)@2)
"qn~2!q(n‘1)@2#q(n~1)@2.
Thus, the bound is best possible in this case.
For n#155 and odd,
N(Q
2
(0, 0, x
2
,2, xn)5minG
qn~2
qn~2!(q!1)q(n~2)@2
by Theorem 2.7,
5qn~2!qn@2#q(n~2)@2
5qn~3, since n54.
If n#1 is odd and n#155, let
F"Q (x
0
, x
1
),
G"x
0
x
2
#x
3
x
4
#x
5
x
6
#2#x
n~3
x
n~2
#Q (x
n~1
, x
n
),
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N (F"G"0)"qN(x
3
x
4
#x
5
x
6
#2#x
n~3
x
n~2
#Q(x
n~1
, x
n
)"0)
"q(qn~3!(q!1)q(n~4)@2)
"qn~2!qn@2#q(n~2)@2.
Thus, the bound is best possible in this case.
Now, suppose that the nonzero form of least even order has order at least
four and Type 2. If n#1"5 or n#1"6, then it is suƒcient to assume that
every nonzero form in the pencil has order 4 and Type 2. Then,
N5q~2 (qn‘1!(q2!1)qn~1)"qn~3,
which is exactly the bound given in the statement of the theorem.
If n#157 and odd, then, by the proof of Theorem 5.2,
N5qn~1!qn~2#qn~3!2q(n‘2)@2#3qn@2!q(n~2)@2
5qn~2!qn@2#q(n~2)@2.
If n#158 and even, then, by the proof of Theorem 5.2,
N5qn~1!qn~2#qn~3!q(n‘3)@2#2q(n~1)@2!q(n~3)@2
5qn~2!q(n‘1)@2#q(n~1)@2. j
COROLLARY 5.7. N5qn~3.
Proof. This result follows directly from calculations in the proof of
Theorem 5.6. This is a special case of WarningÕs theorem. j
5.3. Nonsingular
A pair of quadratic forms deÞned over F
q
is nonsingular if, over the
algebraic closure of F
q
, there does not exist a singular zero. If we assume that
the pair MF, GN is nonsingular of order n#1, then it can be shown that every
nonzero form in the pencil has order either n or n#1, and we can improve
our bounds.
Namely, if n#1 is even,
N4q~2[qn‘1#(q2!1)q(n‘1)@2]"qn~1#q(n‘1)@2!q(n~3)@2,
N5q~2[qn‘1!(q2!1)q(n‘1)@2]"qn~1!q(n‘1)@2#q(n~3)@2,
DN!qn~1D4q(n‘1)@2!q(n~3)@2.
176 LEEP AND SCHUELLERIf n#1 is odd,
N4q~2[qn‘1#(q2!1)q(n‘2)@2]"qn~1#q(n‘2)@2!q(n~2)@2,
N5q~2[qn‘1!(q2!1)q(n‘2)@2]"qn~1!q(n‘2)@2#q(n~2)@2,
DN!qn~1D4q(n‘2)@2!q(n~2)@2.
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